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Abstract 
The new model is developed for long-wave perturbations in a falling liquid film. The model is based on the boundary-layer 
approach and expansion of velocity into the system of linearly independent basic functions (harmonics), which satisfies 
boundary conditions. The linear analysis of stability and numerical simulations of nonlinear waves are carried out. Results of 
calculations of dispersion relations and modelling nonlinear waves on the basis of presented model coincide well with avail-
able experimental data. 
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1. Introduction 
Falling films of a viscous liquid represent an instance of medium with dissipation and energy pumping there-
fore waves in films takes special place in the theory of nonlinear waves. The specificity is that long waves de-
velop on a surface of the thin film and flow remains laminar for Reynolds number of an order 100. Even in case 
of strongly nonlinear waves when the amplitude of waves is of an order of film thickness there is small parameter 
 the ratio of a film thickness to wave length. It allows building the simplified models adequately presenting 
nonlinear waves in thin films. Following the pioneering work by P.L. Kapitza [1], convenient simplification was 
employed by V.Ya. Shkadov [2] who developed the integral-boundary-layer (IBL) approach which combines the 
boundary-layer approximation of the Navier – Stokes equation assuming a self-similar parabolic velocity profile 
and long waves on the interface with the Karman – Polhausen averaging method in boundary-layer theory. In this 
model the waves in a falling film are described by a system of two partial differential equations for a film thick-
ness h and flow rate q. Unlike long wave expansion approach developed by Benney, Shkadov's IBL model keeps 
all basic quantitative properties of an initial problem. At a moderate Reynolds number the model [2] describes 
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well the quantitative performances of waves though in case of film flow at angle  to horizon it gives incorrect 
value ctg  for critical Reynolds number instead of (5/6) ctg . This overestimate is approximately 20% and has no 
value in case of a vertical film. 
Problems of intensification of heat-mass-transfer demanded the further improvement and generalisation of the 
approaches developed in [1, 2] that has led last decade to occurrence of new models describing film waves. So, in 
[3] by combining expansion in terms of small parameter /h h x  and weighted-residual technique the sys-
tem of equations is deduced. By weighted-residual method the velocity expands into the system of polynomials 
of dimensionless coordinate /y h . The model of the first order on h, using polynomials to 6 degree as test 
functions and boundary layer approach, is reduced to two partial differential equations for h and q. The second-
order model uses polynomials to 14 degrees and is expressed as four equations, each of which consists of two 
tens members. Though in the simplified variant it is reduced to two equations, it does not use boundary layer ap-
proach and it is obliged to consider nonlinear members in boundary conditions. Stated in [3] the strategy of build-
ing of models on the basis of polynomial test functions has not enough prospects for the following reason. In-
crease in degree of polynomials leads to a sharp increase in number of equations, and the equations become very 
bulky. Simplicity and possibility of analytical research of model disappears, therefore the simplified model loses 
advantage in comparison with numerical solution of the Navier – Stokes equations. 
In the present work the new model of waves in a falling film is developed, which is based on the integral ap-
proach and expansion of velocity profile into the system of basic functions (harmonics). The presented model, 
unlike [2], does not assume self-similar velocity profile and possesses big "degree of freedom" for a velocity pro-
file. 
 
Nomenclature 
x, y coordinates Re = q/  Reynolds number 
h film thickness t time 
q  flow rate per unit width of the film   inclination angle to horizon 
k wavenumber  liquid density 
u, v velocity components  liquid dynamic viscosity 
g gravitational acceleration   liquid kinematic viscosity 
2. The equations of new model 
Let's consider a two-dimensional flow of a film on the flat substrate inclined under an angle  to horizon. The 
Cartesian frame is chosen so that axis x is in a direction of gravitation and axis y is normal to a substrate. Per-
turbation of a film surface is considered as long wave (the ratio of a film thickness h to wave length is much 
less unit) and we use boundary-layer approach, supposing / 1h x , 2 2 2 2/ /x y . As a first 
approximation on parameter /h  the film flow is described by two equations: 
3
2
03
0
sin cos
h
y
q h h uu dy gh
t x x g x y
 (1) 
0h q
t x
. (2) 
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Here h  film thickness, 
0
h
q udy   flow rate, 2
0
h
u dy   momentum flux, 0/ yu y   shear stress on 
wall. If to set a profile of u(x,t) then momentum flux and shear stress can be expressed through the flow rate q 
and we get the closed system of equations for q and h. So, with assumption parabolic profile 2/ 2su u  
(here =y/h, us is surface velocity) the model [2] is deduced in which the equation (1) transforms to 
2 3
3 2
31.2 sin cosq q h h qgh
t x h x g x h
. (3) 
Let us consider following linearly independent functions (harmonics) defined at 0 1 : 
( ) sinj jf , where 2 1 / 2j j , 1,2,3j .. Harmonics fj( ) satisfy boundary conditions 
1(0) / 0j jf df d  and are orthogonal, i.e. 
1
0
/ 2j i ijf f d , where ij is Kronecker symbol. Ve-
locity u can be presented as expansion in a series of harmonics: 
1
( , ) ( )j j
j
u a x t f . (4) 
Thereby the velocity profile (4) satisfies boundary conditions on a wall and on a film surface: 0 0yu , 
/ 0y hu y . Using (4), the flow rate can be also spread out: 
1
1 10
sinj j j
j j
q h a d q . (5) 
Here ( , ) ( , ) /j j jq x t ha x t  is contribution of j-th harmonic to the total flow rate. Taking into account the 
orthogonality of harmonics we have 
1 2 2
2 2 2
1 10 0
2
h
j j
j j
j j
q
u dy h a f d
h
. (6) 
The shear stress on a wall can be also spread out: 
2
0 2
1
j j
y
j
qu
y h
. (7) 
The terms in brackets in a right member of (1) can be spread out also: 
3 3
3 2 3
1
2sin cos sin cos
j j
h h gh h hgh
x g x x g x
. (8) 
Here we use equality 2
1
1 2 / j
j
 (see appendix). Substituting (5) – (8) in (1), we take the equation of mo-
mentum as expansion: 
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2 2 23
2 3 2
1 1
2 sin cos
2
j j j j
j j j
q qq gh h h
t x h x g x h
. 
Owing to linear independence of harmonics each member of a series at the left is equal to corresponding member 
at the right. Thus, for ( , )jq x t  j = 1,2,3.. we have a set of the equations 
2 2 23
2 3 2
2 sin cos
2
j j j j
j
q qq gh h h
t x h x g x h
. (9) 
The equation (2) thus becomes 
1
0j
j
qh
t x
. (10) 
All equations (9) have the same structure as equations (3) in Shkadov’s model, but differ in numerical factors. 
We notice, that in our model the velocity profile depends on x and t. Thus, presented model, to a certain extent, is 
generalization of model [2], but unlike it possesses big "degree of freedom" for a velocity profile. 
3. Linear stability analysis. 
Let's take thickness of unperturbed film h0 as a scale of distance and introduce scales of velocity 
2
0 / 3mu gh , time 0 /m mt h u , flow rate 
3
0 / 3mq gh . We introduce dimensionless variables 0/x h , 
0/h h , /j mq q ,  / mt t , having kept former letter designations. In dimensionless variables the equations (9), 
(10) become: 
2 2 2 3
2 2 2 3
1
3 2 2 Wesin cos ,      1,2,3
2 Re 3
0
j j j j j
m j j
j
j
q q qh h h h j
t x h x h x
qh
t x
 (11) 
Here 
1/35We 3Fi/ Rem , criterion 
3 2
0Re / 3m gh  is connected with Reynolds number Re by relation 
Re Re sinm . Unperturbed flow is described by equalities 1h , 
4
0 6sin /j jq .  
For the analysis of stability we suppose 1h H , 46sin / ,j j jq Q  where 
exp ( )aH H ik x ct t , exp ( )j jaQ Q ik x ct t  are small perturbations in the form of a 
traveling wave, k, c,  are real wavenumber, phase velocity, temporary increment of a wave. Substituting it in 
system (11) and linearising the equations relative to small amplitudes Ha, Qja, we obtain the dispersion equation 
4 2
1
9sin Re2 0
1 Re Re /
j m
j j m j m j
ikD
ikc ik
ik E c
.  
Here 26 sin
j
jE , 4
2 29 3
Resin cos WemjjD k . In an asymptotic kRem<<1 the dispersion 
equation is 
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1
Re 0j m j
j
ikc ik A ik B . (12) 
 
Fig. 1. Dispersion curves at Re=20, =90 ; a – increment, b – phase velocity; 1 – unstable mode, 2 – damping mode; solid line – presented 
model, dashed line – model [2] 
Here 4 62 18sinj j j j jB D E c , 
418sinj jA . Separating in (12) real and imaginary 
parts, we get phase velocity 
4
1
18sin 3sinj
j
c   
and increment: 
2 4 6
1 1
Re 2 18sinm j j j j
j j
k D E c . (13) 
 
Fig. 2. Dispersion curves at Re = 23,  = 4,6 ; a – space increment; b – phase velocity; solid line – presented model, dashed line – model [2];  
 – experimental data [5] (water-glycerol solution) 
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Substituting in (13) phase velocity, expressions for Dj, Ej, and also values of the sums (see appendix) 
8 17
630
1
j
j
, 6 115
1
j
j
, 4 16
1
j
j
,  
we find increment: 
2 2 241
35Re sin cos / Re We / 3m mk k . (14) 
At 0k  from (14) we have critical Reynolds number Re* = (35/41)ctg . It is close enough to value 
Re* = (5/6)ctg  given by Orr – Zommerfeld equation (difference is 2.5% only). 
Test calculations have shown that for the wave numbers belonging to area of instability, 5 – 6 harmonics are 
enough. Increase in number of harmonics to 20 leads to a variation of values  and c in the fourth decimal sign 
only. The calculated curves (k) and c(k) for a vertical film of water are shown in fig. 1 in comparison with 
model [2]. It is visible from fig. 1a that for the unstable mode our calculation is close to model [2] if increment is 
positive. However, if increment is negative, our model gives more strong decreasing with growth of k than model 
[2]. Distinction is more essential for a damping mode. In presented model the curves (k) are closer to calcula-
tion [4] by Orr – Zommerfeld equation, than by model [2]. For curves c(k) (fig. 1b) presented model is close to 
model [2].  
Figure 2 shows the calculated space increment (k) and phase velocity c(k) in comparison with experimental 
data [5]. The space increment was calculated on the basis of Gaster’s relation / /c kdc dk . As one 
can see, calculated results agree well with experimental data. 
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Fig. 3. Frequency of neutral waves fC versus Reynolds number R at =4 ;  – experimental data [6]; thick dash line – model [2]; thin dash 
line – model [3] of the first order; solid line – simplified model [3] of the second order;  – presented model 
The dimensional frequency of neutral waves fC versus Reynolds number R = gh03sin  /2 2 is shown in fig. 3. 
Calculations are made with different models for conditions of experiments [6]. As is seen from the diagram, 
model [2] gives more abrupt inclination of the curve fC (R), and model [3] of the first order also gives the 
overestimated values fC. Our calculation agrees well both with experimental data and simplified model [3] of the 
second order. 
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4. Simulation of spatial evolution of waves 
Wave regimes are gained by the solution of the equations (11) by numerical method. The calculation range 
0<x<Xend was chosen large enough to track development of waves downstream. For calculation range the uniform 
grid was set with nodes 1ix i x , 1,2,3 1xi N . The equations (11) were written in the finite 
difference form by implicit scheme: 
2 3
2 3
1
We ,      
Re
j jN
j ij j i
i i i i i i i
jim i i
q J h qq q t K h h h h t
h x x x
. (15) 
Here t is a time step, N is a number of harmonics, 
2
/ 2 ,jj iJ q h  
26 / Re sin cos /i m j iK h x . Overline indicates the values at new moment of time, and the 
values at pre-going moment of time are shown without overline. Derivative q/ x was approximated as central 
difference: 1 1/ / 2 ,   2,3i iiq x q q x i N . On boundary endx X  the approximation 
”back” was applied: 1 11/ 3 4 / 2N N NNq x q q q x . Derivative J/ x was approximated 
against a stream: 
1
1
/ ,    0 
/ ,    0 
i i i
i i ii
J J x qJ
J J x qx
. 
Derivative 3h/ x3 was approximated as 
33 3
2 1 1 2/ 2 2 / 2 ,      3,4 1i i i iih x h h h h x i N . 
At two nodes nearest to boundary the conditions there were: 
3 3 3 3 3 3
1 1
/ / /
N N N
h x h x h x . 
Values jiq , ih ,  2,  3 1xi N  were calculated from (15) by means of iterations (in the right part the 
values on the previous iteration were substituted). To start iterations the values at pre-going moment of time were 
taken. Convergence of iterations was provided with enough small time step.  
At the initial moment of time the undisturbed flow was set: h (x, 0) = 1, q(x, 0) = q0. Waves were generated by 
small perturbation at entry: 0(0, ) 1 sin 2aq t q Q ft . Here q0 is undisturbed flow rate, Qa is small am-
plitude, f is frequency. The simulation time was large enough that the wave regime be steady. The wave regime 
was considered as steady if flow rate and film thickness periodically depend on a time at all nodes. 
In fig. 4 the comparison of the calculated wave surface of a film with experimental data [7] is shown for 
f = 1.5 Hz,  = 6.4 , Re = 19.33 (Qa = 0.03). As we can see, the small perturbations in spreading mud process 
evolve in soliton-like waves with large amplitude. In fig. 5 the comparison of calculations results with experi-
mental data [8] is shown for waves on the surface of the vertical film at f = 16 Hz; Re = 15. As one can see, the 
presented model describes well the amplitude of developing waves, correctly transferring the shape of a wave. 
5. Conclusions 
The new model for waves in a falling film of a viscous liquid is developed, having the first order on long-
wave parameter  = h/ . The model is based on the boundary-layer approach and expanding of velocity into the 
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system of linearly independent basic functions (harmonics), which satisfies boundary conditions. Presented 
model describes well linear and nonlinear waves. In particular, it predicts the boundary of stability for small an-
gles of an inclination of a film flow. Results of simulation of exited waves agree well with available experimental 
data. 
 
Fig. 4. Waves on film surface at f = 1.5 Hz, =6.4 , Re=19.33, left  experimental data [7], right  calculation by our model 
 
Fig. 5. Dependence h(t) for exited waves on the vertical film at f = 16 Hz; Re = 15.; distance from an inlet 120 mm; solid line – calculation by 
our model, circles – experimental data [8]. 
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Appendix A.  
Linearly independent harmonics ( ) sinj jf , where 2 1 / 2j j , 1,2,3j . satisfy 
boundary conditions (0) (1) 0j jf f , 
1(1) ( 1) jjf . It is easy to see, that 
1
0
/ 2j i ijf f d , i.e. 
harmonics fj( ) can serve as orthogonal basis. Thus on 0 <  < 1 any function F( ) can be expanded in a series 
1
( ) ( )j j
j
F a f  where 
1
0
2 ( )sinj ja F d . Having calculated integrals 
1
1 2
0
sin ( 1) jj jd ,  
1
2 1 2 31
2
0
sin ( 1) jj j jd ,  
1
3 1 2 1 41
3
0
sin ( 1) 2( 1)j jj j jd , and combining these three equalities, we obtain 
1
2 31
2
0
( )sin j jd , 
1
3 1 41
3
0
( )sin 2( 1) /jj jd . Thus, we have following 
expansions: 
1 2
1
2( 1) sinj j j
j
 (a.1) 
2 31
2
1
2 sinj j
j
 (a.2) 
3 1 41
3
1
4( 1) sinj j j
j
 (a.3) 
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Substituting  = 1 in ( .1) and ( .3), we calculate the sums: 2
1
2 1j
j
, 4 16
1
j
j
.  
Equalities ( .2) and ( .3) we will square and integrate them on  from 0 to 1. Having calculated integrals we get: 
6 1
15
1
j
j
, 8 17630
1
j
j
. 
